We investigate the spin transfer torque arising from a perpendicular-to-plane current in a ferromagnetic ͑FM͒-nonmagnetic-FM trilayer. Our analysis is based on the spin drift-diffusion model, modified for the case of noncollinear magnetization, i.e., with arbitrary angle between the magnetization orientation of the two FM layers. By solving the electrochemical potential and spin accumulation across the trilayer, we obtain the dependence of the magnetoresistance and spin transfer torque in the free FM layer. The optimal magnetization orientation max and the corresponding maximum torque max are investigated as a function of the FM layer thicknesses. Based on the analysis, we propose that ͑i͒ the free ͑fixed͒ FM layer thickness be set at approximately the transverse ͑longitudinal͒ spin relaxation lengths, and ͑ii͒ the relative FM orientation be biased at some intermediate angles instead of the conventional collinear configuration, in order to maximize the current-induced magnetization switching effect.
I. INTRODUCTION
There is much research interest in the spin-dependent transport across spin-valve multilayers, especially for the case of current-perpendicular-to-plane ͑CPP͒ configuration.
1,2 A spin-valve basically consists of a ferromagnetic ͑FM͒-nonmagnetic ͑NM͒-FM trilayer sandwich. There are two important applications for CPP-type spin valves, i.e., as magnetic sensors in high-density magnetic storage and as memory elements in a magnetoresistive random access memory ͑MRAM͒ device. Both applications rely on the giant magnetoresistance ͑GMR͒ effect, 3, 4 and as such the CPP configuration is advantageous as it is capable of achieving higher magnetoresistance ͑MR͒ ratio, compared to the current-in-plane configuration. 5, 6 Additionally, in MRAM applications, the spin transfer torque ͑STT͒ effect can potentially be utilized for achieving current-induced magnetization switching ͑CIMS͒. [7] [8] [9] [10] Theoretically, the MR ratio is analyzed based on the well-established spin drift-diffusion ͑SDD͒ model. 1, [11] [12] [13] [14] [15] The SDD model accounts for the influence of the conductivity i , spin asymmetry of conductivity ⌬ i / i , and spin relaxation length ͑SRL͒ i of each layer i on the spin-dependent transport. However, a major limitation of the conventional SDD model is that it applies only for collinear magnetization alignment, i.e., where the magnetization of the two FM layers are either parallel ͑ =0͒ or antiparallel ͑ = ͒ to one another. This is because the primary variables involved are the electrochemical potentials ↑,↓ , which are for spins aligned along or antiparallel to the local magnetization m. In this work, we consider the SDD model for the noncollinear case by considering the spin accumulation vector s, with components s ʈ and s Ќ which are longitudinal and transverse to the local m. It is essential to extend the model for the noncollinear case because perfect alignment or antialignment of the FM magnetization only occurs at high saturation fields.
The noncollinear SDD approach is even more crucial for the modeling of the CIMS effect, because this effect requires the presence of the transverse spin accumulation s Ќ , [16] [17] [18] which is neglected in the conventional SDD theory. In this paper, we propose biasing the magnetization of the FM layers of the magnetic trilayer at some intermediate angle to one another, rather than the conventional collinear configuration. This is because ͑i͒ the STT vanishes when the magnetization of the FM layers is fully collinear, 19 which necessitates the presence of random thermal or ampere fieldinduced fluctuations to break the collinear symmetry and initiate the CIMS effect; ͑ii͒ Secondly, by varying the angular divergence , the STT can be optimized to achieve the minimum critical current density j c for CIMS. This is crucial in practical devices, since a low current density can reduce the risk of problems such as excessive heating and electromigration. Therefore, we will investigate the dependence of max ͑corresponding to maximum torque͒ on the trilayer geometry and material and hence predict the optimal design of CIMS-based MRAM devices.
II. THEORY AND MODEL
In the conventional SDD model, spin transport is governed by the spin-dependent drift and diffusion equations 
where is the electrostatic potential and n 0 is the charge accumulation term. For transport in metallic layers, n 0 may be neglected to a good approximation. 16, 21 The coupled equations of Eq. ͑3͒ can be solved by ͑i͒ assuming the following ansatz for the longitudinal and transverse spin accumulations:
where i is the layer index, and ͑ii͒ applying the continuity relations for s and j m at the interfaces at x = x i . Note that due to the rotation of the spin axis by at the spacer-free layer interface, the continuity relations at that interface are modified to
Additionally, we apply the boundary conditions that the electrostatic potential is grounded at one end ͓i.e., ͑x 3 ͒ =0͔. We also set all components of spin accumulation to be zero at both terminals ͑at x = x 0 and x 3 ͒, i.e., assuming contact electrodes of high conductivity. 22 Finally, the MR ratio is obtained by integrating Eq. ͑3͒ and obtaining the total potential drop ͓i.e., ͑x 0 ͒ − ͑x 3 ͔͒ across the trilayer. Another crucial quantity is the transverse spin accumulation ͗s Ќ ͘, averaged over the free FM layer. It is the relaxation of this transverse component of spin accumulation which contributes to the STT in the free FM layer. Naturally, the magnitude of the resulting torque is directly related to the strength of the s-d coupling, i.e., = J sd s Ќ , where is the magnetic moment per unit volume in the free layer. 16, 18 Since J sd can be expressed in terms of the transverse spin relaxation length energy as follows:
͑6͒
therefore the averaged torque is given by
To express the torque in the units of magnetic field, we consider the specific case of Co as the ferromagnetic metal and assume a hcp structure with lattice constants a 0 = 2.5 Å and c 0 = 4.1 Å ͑i.e., with unit cell volume of v 0 = 0.5a 0 2 c 0 sin 60°͒ and a magnetic moment of ␥ = 1.72 B per atom.
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III. RESULTS AND DISCUSSION
We consider a typical spin-valve Co1 ͑fixed FM͒-CuCo2 ͑free FM͒ trilayer. Unless otherwise stated, we assume layer thicknesses of t Co1 = 10 nm, t Cu = 5 nm, and t Co2 =3 nm and standard material and transport parameters for Co and Cu, i.e., Cu curves virtually coincide, while significant deviation starts to occur when ʈ Շ 6 nm. This is reasonable, given that the MR ratio ͓defined as ͓R͑͒ − R͑0͔͒ / R͔͑͒ is suppressed by spin relaxation only when ʈ is comparable to the FM layer thicknesses t Co1 and t Co2 . However, the MR ratio is virtually unchanged when Ќ is varied. By contrast, the transverse spin accumulation ͗s Ќ ͘ and hence the STT are strongly influenced by Ќ . As shown in Fig. 1͑b͒ , the maximum ͉͉͑ max ͒ is increased by ϳ1000 times when Ќ is reduced from 60 to 1 nm. This is due to the fact that a strong s-d coupling ͑i.e., large J sd and short Ќ ͒ results in a fast relaxation of s Ќ and hence an efficient transfer of transverse spin momentum to the local moments in the free FM layer. This trend is also consistent with previous CIMS experiments. For instance, in Ref. 23 , it was found that the introduction of a thin layer of ruthenium ͑a strong majority spin scatterer with an extremely short spin relaxation length͒ leads to a reduction in the critical current density by an order of magnitude. In Fig. 1͑b͒ , it is also observed that the STT decreases to zero in the collinear limit ͑i.e., as approaches 0 or ͒. Conversely, however, the angular deviation max corresponding to ͑ max ͒ does not necessarily occur at = / 2, as naïvely expected, but varies with Ќ .
In Fig. 2 , we further investigate the variation of these two crucial parameters, max and max , as a function of the thickness ratio of the FM layers. From Fig. 2͑a͒ , we find that max increases monotonically with both t Co1 and t Co2 . max converges to / 2 only in the limit of vanishing free FM layer, at which point both the max value and the MR ratio also approach zero. Figure 2͑b͒ shows that the maximum averaged torque max acting on the free FM layer increases monotonically with the fixed FM layer t Co1 before saturating at t Co1 ϳ ʈ . The observed trend is reasonable since the thicker the fixed layer, the higher would be the spin polarization of the incident current into the free layer. For the free FM layer, max increases rapidly for small t Co2 before reaching a maximum at t Co2 Ϸ 4 nm. This may be readily explained by the fact that beyond this thickness for the free layer, the loss of spin momentum due to spin transfer lowers the available torque when averaged over the entire free layer thickness. The max value plotted in Fig. 2͑b͒ corresponds to a constant current density j e =10 7 A/cm 2 . Thus, the critical current density j c required to initiate CIMS is inversely proportional to the plotted max , i.e., j c = j e ͑H sw / max ͒, where H sw is the switching field of the free Co layer. Thus, one can reduce the required j c by exchange biasing the fixed layer at angle max with respect to the anisotropy axis of the free layer.
The data in Figs. 2͑a͒ and 2͑b͒ suggest that the optimal conditions for CIMS ͑corresponding to maximum max and minimum j c ͒ occur in the limit of thick fixed FM layers of t Co1 ϳ ʈ and thin free FM layers of t Co2 ϳ Ќ . This corresponds to the usual situation in magnetic multilayers, where a thicker fixed layer is used to ensure a higher switching field. Note that increasing the fixed layer thickness t Co1 tends to skew the optimal magnetization orientation, i.e., increase max beyond / 2. For the optimal FM layer thicknesses of t Co1 Ͼ 20 nm and t Co2 Ϸ 4 nm, max is found to be Ϸ0.65. The increasing asymmetry in max with t Co1 results in the additional benefit of greater usable GMR ratio. This is because as max approaches , the resistive change accompanying the magnetization switch of the free layer, i.e., ⌬R = R͑ max ͒ − R͑ − max ͒, becomes larger, as can be seen from Fig. 1͑a͒ . However, as mentioned earlier, one cannot increase t Co1 indefinitely. Beyond t Co1 = ʈ , no further increase in spin transfer efficiency can be accrued due to bulk spin scattering.
IV. CONCLUSIONS
We have extended the spin drift-diffusion model for a basic FM-NM-FM trilayer spin-valve for FM layers with noncollinear magnetization. The angular variations of magnetoresistance and spin transfer torque with the longitudinal ʈ and transverse Ќ spin relaxation lengths have been studied. The results obtained were consistent with available experiments, thus confirming the crucial role of spin transfer torque in those experimental devices. We also investigate the conditions for achieving maximum STT ͑ max ͒. It was observed that the optimal multilayer thickness is one in which the free ͑fixed͒ layer thickness is approximately equal to the transverse Ќ ͑longitudinal ʈ ͒ spin relaxation lengths, respectively. Furthermore, it was found that a larger fixed layer thickness also results in an increased asymmetry in the mag- netization alignment max corresponding to max . This leads to the added advantage of improving the range of usable GMR ratio. In summary, our study suggests that to enhance the CIMS effect in magnetic multilayers and minimize the required critical current density, we require ͑i͒ a highly asymmetric trilayer with the fixed layer being significantly thicker than the free layer and ͑ii͒ biasing the fixed layer magnetization ͑e.g., by exchange biasing͒ at some intermediate angle of ϳ 0.65 with respect to that of the free FM layer.
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